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Let t be a fixed positive number, 5 an irrational number with simple continued 
fraction expansion 5 = [a,; a,, ___, a,. . ..I. In this paper we give a generalization of 
Segre’s theorem: at least one of the four consecutive convergents p,/q, of 5 
(i=n-1. n, nfl, n+2) satisfies -l/(~qf)<5-p,/q,<r/(~q~), 
where c, = a, + , when n is odd, and c, = a, + z when n is even. sr; 1988 Academic Press. 
Inc 
1. INTRODUCTION 
B. Segre [S] proved a theorem on asymmetric Diophantine 
approximation by a geometric method. 
THEOREM 1. Let 5 be a fixed positive number, 5 an irrational number. 
Then there are infinitely many rational numbers p/q such that 
W. J. LeVeque [2] pointed out that the rational numbers p/q satisfying 
inequality (1) can be found among the convergents of the simple continued 
fraction of 5. 
THEOREM 2. Let t be a fixed positive number, 5 an irrational number. 
Let pi/q, be the ith convergent of the simple continued fraction of 5. Then 
among the five consecutive convergents pi/qi (i = n - 2, n - 1, n, n + 1, n + 2), 
at least one satisfies the following inequality: 
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It is pointed out in [2] that five convergents in the above theorem 
cannot be replaced by three. A natural question arises: can live convergents 
be replaced by four? A result of Szusz [6, Theorem 2.31 implies that if 
z = k ’ (k = 1,2, . ..) then at least one of the four consecutive convergents 
pi/qi (i = n - 1, n, n + 1, n + 2) satisfies inequality (2). 
In this paper, we give a generalization of Segre’s theorem with the help 
of a recent result of Tong [S]. A corollary of it answers the above question 
for any z > 0 affirmatively. 
2. PRELIMINARIES 
Let 5 = [a,; a,, . . . . ai, . . . ] be the expansion of 4 in a simple continued 
fraction and pi/q, its ith convergent. It is well known [4] that 
where Mj = [a;, ,; a,+>, . ..I + [O; a,, . . . . a,]. 
The following theorem is obtained in [8]. 
THEOREM 3 [S, Theorem 3(i)]. Let r> a,, , he u constant. 1f ~4~ <r, 
then max(M,-,, Mi+1)>4r/(r2-af+,). 
3. MAIN RESULTS 
THEOREM 4. Let T be a fixed positive number, 5 an irrational number. 
For even n > 1, at least one of the three consecutive convergents p,/qi of 4 
with i = n - 1, n, n + 1 satisfies 
-J&Tq2+1).” t-t <JhT4f. t4) ( > 
ProoJ We will utilize (3). If M, > J-T, then 
(-I)“+’ (5 -p,/q,) is negative and exceeds the left-hand side of (4). 
If M, d Jm, then max( M, ~, , M, + ,) > 4 ,/m/(uf + , + 
4t-a:,,) = J-/z, so that (-i)““(<-pi/qi) for i=n-1 or 
n + 1 is positive and less than the right-hand side of (4). 
Now we give a corollary of Theorem 4, which is a generalization of 
Segre’s theorem. 
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an+1 when n is odd, c, = 
ani2 when n is even. 
COROLLARY 1. Let T, 5, n be as above. Then at least one of the four 
consecutive convergents pi/q, of < with i = n - 1, n, n + 1, n + 2 satisfies 
-&&Gq~+T$&-Gq’. 
(5) 
and hence satisfies (2). 
ProoJ Apply Theorem 4 when n is odd and Theorem 4 with n + 1 in 
place of n when n is even. 
COROLLARY 2. Suppose ai > 1 for infinitely many even values of i. Then 
there are infinite1.v many rational numbers p/q such that 
1 
<5-C 
T 
-2fiq2 4 2fiq2’ 
(6) 
There are corresponding corollaries where the roles of the even and odd 
subscripts are reversed, and 5 -p/q is replaced by p/q - 5. 
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